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CSP: Origin ?

Communicating Sequential Processes: C.A.R. Hoare

1978 paper, based in part on ideas of E.W. Dijkstra
(guarded commands, 1978 paper and "A Discipline of
Programming” book)

Revised with help of S. D. Brooks and A.W. Roscoe

1985 book, revised 2004

Complete reference: The Theory and Practice of
Concurrency, A. W. Roscoe, Prentice Hall 1997 (2005)
(used extensively in the present slides)
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CSP purpose

Concurrency formalism
> Expresses many concurrent situations elegantly

> Influenced design of several concurrent
programming languages, in particular Occam
(Transputer)

Calculus
> Formally specified: laws
> Makes it possible to prove properties of systems
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Traces

A trace is a sequence of events, for example
<coin, coffee, coin, coffee>

Many traces of interest are infinite, for example
<coin, coffee, coin, coffee, ..»

(Can be defined formally, e.g by reqular expressions, but
such traces definition are not part of CSP; they are
descriptions of CSP process properties.)

Events come from an alphabet. The alphabet of all possible
events is written Y in the following.



Processes and their traces

A CSP process is characterized (although not necessarily
defined fully) by the set of its traces. For example a

process may have the trace set
(o,
<coin, coffee>,
<coin, tea>}

The special process STOP has a trace set consisting of a
single, empty trace:

{©}



Basic CSP syntax

P::

Q\E
nQ o f (Q)

-- Does not engage in any events

-- Engages in a, then acts like Q

-- Internal choice

-- External choice

-- Concurrency (E: subset of alphabet)

-- Lock-step concurrency (same as Q lEl R)
-- Hiding

-- Recursion



Generalization of — notation

Basic:
a - P
Generalization:
x:E — P (x)

Accepts any event from E, then executes P (x) where x is
that event

Also written
?x:E - P(x)

Note that if E is empty then x: E — P (x) is STOP for any P



Some laws of concurrency

L PlIIQ=QIlP
2. (PIH@IIR)Y = (PIIQIIR)

3. P||STOP =STOP

4. (=P~ Q) =(c~(PI|lQ)
(c-P)||(d—- Q) =STOP --Ifczd

O

6. (AP Il (y: B~ Q(y)):=
(z2(AnB)~ (P(2) |l Q(2)



Basic notions

Processes engage in events
Example of basic notation:
CVM = (coin — coffee — coin = coffee = STOP)

Right associativity: the above is an abbreviation for
CVM = (coin — (coffee — (coin — (coffee — STOP))))

Trace set of CVM: {<coin, coffee, coin, coffee>}

The events of a process are taken from its alphabet:
o(CVM) = {coin, coffee}

STOP can engage in no events



Traces

traces (e = P) = {<e> + s

s € traces (P)}
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Exercises: determine traces

P::

Q\E
nQ o f (Q)

-- Does not engage in any events

-- Engages in a, then acts like Q

-- Internal choice

-- External choice

-- Concurrency (E: subset of alphabet)

-- Lock-step concurrency (same as Q lEl R)
-- Hiding

-- Recursion
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Recursion

CLOCK = (tick = CLOCK)

This is an abbreviation for
CLOCK = uP o (tick = P)

A recursive definition is a fixpoint equation. The u notation
denotes the fixpoint
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Accepting one of a set of events; channels

Basic notation:
?x:A - P(x)

Accepts any event from A, then executes P (x) where x is

that event

Channel
names

Example:

2y:cA = dy
(where c.A denotes {c.x | x € A} and y' denotes y deprived
of its initial channel name, e.g. (c.a) = a)

More convenient notation for such cases involving
channels:

[c? XA — d!x]
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A simple buffer

COPY=c?2x: A = dix — COPY
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External choice

COPYBIT = (in.O — out.0 » COPYBIT
]

in.1 — out.l1 - COPYBIT)
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External choice

COPY1 = in? x: A — outllx =» COPY1

COPY2 = in? x: B — out2lx —» COPY?2

COPY3 = COPY1 0O COPY?2
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External choice

Consider

CHM1 = (inlf — out50rp — out20rp — out20rp — out10rp)
CHM2 = (inlf — out50rp — out50rp)

CHM = CHM1 O CHMZ2
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Lock-step concurrency

Consider
P = ?2xA—-P
Q = ?xB-Q
Then
PIlQ=?x~-
> (P11 Q)
> STOP

(to be generalized soon)

fxeEANB

otherwise
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More examples

VMC =
(in2f —
((large — VMC) O
(small = outlf —» VMOQ))
L]
(inlf —

((small—= VMC) O
(inlf — large = VMC())

FOOLCUST = (in2f — large — FOOLCUST O
inlIf — large — FOOLCUST)

FV = FOOLCUST || VMC =
uP e (in2f —large = P O inlf - STOP)
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Hiding

Consider
P=a -b—-Q

Assuming Q does not involve b, then
P\{b}l=a - Q

More generally:
(a wP)\E-=

>P\E
»a — (P\ E)

ifa€eE
ifaZE
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Hiding introduces internal non-determinism

Consider
R = (a—-P)0O (b ~-Q)
Then

R\{a,b} = PN Q
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Internal non-deterministic choice

CHIF = (inlf -
((out20rp — out20rp —
out20rp —out20rp —out20rp — CHIF)
[

(out50rp — outb50rp — CHIF)))
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Non-deterministic internal choice: another application

TRANSMIT (x) = in?x — LOSSY (x)

LOSSY (x)

outlx = TRANSMIT (x)
[ outlx = LOSSY (x)
M TRANSMIT (x)



The general concurrency operator

Consider
P = 2xxA-F
Q = ?xB-Q
Then
PIlQ=?x~-
> Pl Q fxXEENANB
e
> Pl Q if x € A-B-E
&
> PIEI Q' if x € B-A-E

> PIIQMNOPI|QRY ifxe(ANB)-E
E £
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Special cases of concurrency

Lock-step concurrency:

Pl Q = Pl Q
2
Interleaving:
PITQ = Pl Q
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Lock-step concurrency (reminder)

Consider
P = ?2xtA-FP
Q = ?2xxB—-Q
Then
PIlQ=?x~-
> (Pl Q) ifxEENANB

> STOP otherwise
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Laws of non-deterministic internal choice

PMP=P

PIMTQ=QTIP
PO@QMR)=(PMNQ)TIR

x> PNQ)=Kx-P)N(x~Q)

PIN@QMOR) =P [ QM (PIIR)
PNQIIR=FIIRMQIIR)

The recursion operator is not distributive; consider:

P =uXe((@a—X)N (b~ X))
Q= (uX'e (a— X)) M (uX e (b = X))
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Note on external choice

From previous slide:

x> PNQ)=(x-P)MN(x-Q)

The question was asked in class of whether a similar
property also applies to external choice O

The conjectured property is
x> POQ)=Kx-P)OX-Q)

It does not hold, since
(x—-P)OKXx-Q)=x—-(PNQ)
(As a consequence of rule on next page)
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General property of external choice

CxA-P)OCx:B—- Q)=

?Xx: AUB -
> P if x € A-B
> Q if x € B-A

» PN Q fxeANB
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Traces

traces (e = P) = {<e> + s

s € traces (P)}

30



Exercise: determine traces

P::

Q\E
nQ o f (Q)

-- Does not engage in any events

-- Engages in a, then acts like Q

-- Internal choice

-- External choice

-- Concurrency (E: subset of alphabet)

-- Lock-step concurrency (same as Q lEl R)
-- Hiding

-- Recursion
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Refinement

Process Q refines (specifically, trace-refines) process P if
traces (Q) C traces (P)
For example:

P refines PN Q
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The trace model is not enough

The traces of and are the same:
traces (P O Q) = traces (P) U traces (Q)
traces (P M Q) = traces (P) U traces (Q)

But the processes can behave differently if for example:

P =a—b—-STOP
Q = b—-a—- STOP

Traces define what a process may do, hot what it may
refuse to do
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Refusals

For a process P and a trace t of P:

> Anevent setes € P (3) is a refusal setif P can forever
refuse all events in es

» Refusals (P) is the set of P's refusal sets
> Convention: keep only maximal refusal sets
(if X isarefusal setandY C X, then VY is a refusal set)

This also leads to a notion of “failure":
> Failures (P, t) is Refusals (P / 1)

where P/t is|P_after t) :
traces P/ t) ={u | t + u € traces (P))
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Comparing failures

Compare
»P = a—- STOP O b— STOP

» Q= a— STOP 1 b— STOP

Same traces, but:
» Refusals (P) = &

> Refusals (Q) = {{a}, {b}}
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Refusal sets (from labeled transition diagram)

> ={a,b,c}

{ch
a b

310 Q) ({b.cBO

v

a

{2} O

{{a, ¢}, {b, c}}

T

Ofa, i
b

O {3}

la—'STOP O b—>STOP| la—'STOPFIb*STOP'
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A more complete notion of refinement

Process Q failures-refines process P if both

traces (Q) C traces (P)
failures (Q) C failures (P)

Makes it possible to distinguish between O and I
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Divergence

A process diverges if it is not refusing all events but not
communicating with the environment

This happens if a process can engage in an infinite
sequence of t transitions

An example of diverging process:

(Wpa—p)\a

©
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The divergence model (Brookes, Roscoe)

CSP semantics is often expressed through a failures set
A failure is of the form
[s. X]

where s is a trace (sequence of events) and X a finite set
of events

A failure set must satisfy the following properties:
> [«>, J]EF
» [s+t,J]eF = [s,I]€F
> [s. X]eFA YCX = [s,Y]EF
> [s,X]€EFA[s+<c>, T]JEF = [s,XU{c}]EF

39



Basic CSP syntax

P::

Q\E
nQ o f (Q)

-- Does not engage in any events

-- Engages in a, then acts like Q

-- Internal choice

-- External choice

-- Concurrency (E: subset of alphabet)

-- Lock-step concurrency (same as Q lEl R)
-- Hiding

-- Recursion



CSP laws in the divergence model (1/2)

PP =) P
PLQ =npn QLUIP
PHQUR) =n (POQLR
PO@NR) =n (POQN(PLIR)
Pr(QUOR) =n (PNQ)I(PMR)
PJSTOP = P
@ (PNQ) = (@— P)N(a— Q)
ia =+ P)Hae—Q) =npm (e—>P)lM{a— Q)
PMP =pm P
PR = QNP
PN{QNR)=pm (PNQ)NR
PllQ@ =mQ|P
PIHRIR) =m(P|Q)IIR
P@QNR) =u (P QNP R)
{a—-P)||(b - Q) =m STOP if a % b
=m (e—>(P||Q)) ifa=b
P {| STOP =, STOP

(From: Brooks & Roscoe 85)
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CSP laws (2/2)

PlllQ =um Ql||P
PR =um Pl|(QII|R)
PlI@NE) =u (Pli|Q)N (P R)
(@ = P)il(6 = Q) =um (a— (PllI(b— LI — ((e — P)|I|Q))
P(Q;R) =um (P;Q); R
STOP]”Q =M Q
SKIP; Q =pm @
STOP; Q =)y STOP
P;(QNR) =m (P;Q)N(P;R)
(PNQ;R =um (P;R)N(Q; R)
(¢ = P);Q =p (a— P;Q) ifazt

(P\a)\b = (P\B)\a
(P\a)\a =um P\a
(a = P)\b =u (a — P\b) if @ 54 b
=n P\b ifa =125
(PIQNe =u (P\a)(Q\a)

42



Some extensions

Non-timed:
> The ¢ event (not in >): successful termination
> Skip : successfully terminates
> Sequential composition: P ; Q
> 1 : diverging process
Timed:
> P} Q: interrupt

> P §Q: Timeout
> a—P: communicate immediately

> WAIT t: same as STOP > SKIP
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Example (Ouaknine)

V1 = coin.in —
((coke — V1) O (fanta — V1)) B (coinout -V1)
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Some laws no longer hold

P|| STOP=STOPifPz L
1 || STOP= 1

a— (P\b) ifazb
P\a

(a—=P)\b
(a—=P)\a

45
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CSP: Summary

A calculus based on mathematical laws

Provides a general model of computation based on
communication

Serves both as specification of concurrent systems and as
a guide to implementation

One of the most influential models for concurrency work
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CSP: Origin

Communicating Sequential Processes: C.A.R. Hoare

1978 paper, based in part on ideas of E.W. Dijkstra
(guarded commands, 1978 paper and "A Discipline of
Programming” book)

Revised with help of S. D. Brooks and A.W. Roscoe

1985 book, revised 2004

Complete reference: The Theory and Practice of
Concurrency, A. W. Roscoe, Prentice Hall 1997 (2005)
(used extensively in the present slides)

©
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CSP purpose

Concurrency formalism
> Expresses many concurrent situations elegantly

> Influenced design of several concurrent
programming languages, in particular Occam
(Transputer)

Calculus
> Formally specified: laws
> Makes it possible to prove properties of systems

48
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Traces

A trace is a sequence of events, for example
<coin, coffee, coin, coffee>

Many traces of interest are infinite, for example
<coin, coffee, coin, coffee, ..»

(Can be defined formally, e.g by reqular expressions, but
such traces definition are not part of CSP; they are
descriptions of CSP process properties.)

Events come from an alphabet. The alphabet of all possible
events is written Y in the following.
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Processes and their traces

A CSP process is characterized (although not necessarily
defined fully) by the set of its traces. For example a

process may have the trace set

{©,
<coin, coffee>,
<coin, tea>}

The special process STOP has a trace set consisting of a
single, empty trace:

{©}
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Basic CSP syntax

P::

Q\E
nQ o f (Q)

-- Does not engage in any events

-- Engages in a, then acts like Q

-- Internal choice

-- External choice

-- Concurrency (E: subset of alphabet)

-- Lock-step concurrency (same as Q lEl R)
-- Hiding

-- Recursion



Generalization of — notation

Basic:
a - P
Generalization:
x:E — P (x)

Accepts any event from E, then executes P (x) where x is
that event

Also written
?x:E - P(x)

Note that if E is empty then x: E — P (x) is STOP for any P

52



Some laws of concurrency

1.

O

PIQ =QIlIP
P QIIR) = (Pl Q) IIR)

P|| STOP = STOP

c=>P)ll(c-Q) = (- (PI|lQ)
(c-P)||(d—- Q) =STOP --Ifczd

(xt A= Px)Il(y: B—=Q(y)):=
(z2(AnB)~ (P(2) |l Q(2)
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Basic notions

Processes engage in events
Example of basic notation:
CVM = (coin — coffee — coin = coffee = STOP)

Right associativity: the above is an abbreviation for
CVM = (coin — (coffee — (coin — (coffee — STOP))))

Trace set of CVM: {<coin, coffee, coin, coffee>}

The events of a process are taken from its alphabet:
o(CVM) = {coin, coffee}

STOP can engage in no events
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Traces

traces (e = P) = {<e> + s

s € traces (P)}
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Exercises: determine traces

P::

Q\E
nQ o f (Q)

-- Does not engage in any events

-- Engages in a, then acts like Q

-- Internal choice

-- External choice

-- Concurrency (E: subset of alphabet)

-- Lock-step concurrency (same as Q lEl R)
-- Hiding

-- Recursion
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Recursion

CLOCK = (tick = CLOCK)

This is an abbreviation for
CLOCK = uP o (tick = P)

A recursive definition is a fixpoint equation. The u notation
denotes the fixpoint
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Accepting one of a set of events; channels

Basic notation:
?x:A - P(x)

Accepts any event from A, then executes P (x) where x is

that event

Channel
names

Example:

2y:cA = dy
(where c.A denotes {c.x | x € A} and y' denotes y deprived
of its initial channel name, e.g. (c.a) = a)

More convenient notation for such cases involving
channels:

[c? XA — d!x]
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A simple buffer

COPY=c?2x: A = dix — COPY

59



External choice

COPYBIT = (in.O — out.0 » COPYBIT
]

in.1 — out.l1 - COPYBIT)
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External choice

COPY1 = in? x: A — outllx =» COPY1

COPY2 = in? x: B — out2lx —» COPY?2

COPY3 = COPY1 0O COPY?2
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External choice

Consider

CHM1 = (inlf — out50rp — out20rp — out20rp — out10rp)
CHM2 = (inlf — out50rp — out50rp)

CHM = CHM1 O CHMZ2
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Lock-step concurrency

Consider
P = ?2xA—-P
Q = ?2xxB—-Q
Then

PIIQ=?xANB~(F|lQ)

Note that P || Q is STOP for any event x &€ A N B

(to be generalized soon)
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More examples

VMC =
(in2f —
((large — VMC) O
(small = outlf —» VMOQ))
L]
(inlf —

((small—= VMC) O
(inlf — large = VMC())

FOOLCUST = (in2f — large — FOOLCUST O
inlIf — large — FOOLCUST)

FV = FOOLCUST || VMC =
uP e (in2f —large — FV O inlf - STOP)
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Hiding

Consider
P=a -b—-Q

Assuming Q does not involve b, then
P\{b}l=a - Q

More generally:
(a wP)\E-=

>P\E
»a — (P\ E)

ifa€eE
ifaZE
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Hiding introduces internal non-determinism

Consider
R = (a—-P)0O (b ~-Q)
Then

R\{a,b} = PN Q
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Internal non-deterministic choice

CHIF = (inlf -
((out20rp — out20rp —
out20rp —out20rp —out20rp — CHIF)
[

(out50rp — outb50rp — CHIF)))
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Non-deterministic internal choice: another application

TRANSMIT (x) = in?x — LOSSY (x)

LOSSY (x)

outlx = TRANSMIT (x)
[ outlx = LOSSY (x)
M TRANSMIT (x)



The general concurrency operator

Consider
P = ?2xA—-P
Q = ?xB-Q
Then
PIIQ=?x~—
> Pl Q fxXEENANB
E
> Pl Q if x € A-B-E
E
> Pl Q if x € B-A-E
E

> PIIQMNOPI|QRY ifxe(ANB)-E
E £
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Special cases of concurrency

Lock-step concurrency:

Pl Q = Pl Q
2
Interleaving:
PITQ = Pl Q
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Lock-step concurrency (reminder)

Consider
P = ?2xA—-P
Q = ?2xxB—-Q
Then

PIIQ=?xANB~(F|lQ)

Note that P || Q is STOP for any event x &€ A N B

(to be generalized soon)
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Laws of non-deterministic internal choice

PMP=P

PIMTQ=QTIP
PO@QMR)=(PMNQ)TIR

x> PNQ)=Kx-P)N(x~Q)

PIN@QMOR) =P [ QM (PIIR)
PNQIIR=FIIRMQIIR)

The recursion operator is not distributive; consider:

P =uXe((@a—X)N (b~ X))
Q= (uX'e (a— X)) M (uX e (b = X))

72



Note on external choice

From previous slide:

x> PNQ)=(x-P)MN(x-Q)

The question was asked in class of whether a similar
property also applies to external choice O

The conjectured property is
x> POQ)=Kx-P)OX-Q)

It does not hold, since
(x—-P)OKXx-Q)=x—-(PNQ)
(As a consequence of rule on next page)
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General property of external choice

CxA-P)OCx:B—- Q)=

?Xx: AUB -
> P if x € A-B
> Q if x € B-A

» PN Q fxeANB
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Traces

traces (e = P) = {<e> + s

s € traces (P)}
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Exercise: determine traces

P::

Q\E
nQ o f (Q)

-- Does not engage in any events

-- Engages in a, then acts like Q

-- Internal choice

-- External choice

-- Concurrency (E: subset of alphabet)

-- Lock-step concurrency (same as Q lEl R)
-- Hiding

-- Recursion
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Refinement

Process Q refines (specifically, trace-refines) process P if
traces (Q) C traces (P)
For example:

P refines PN Q
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The trace model is not enough

The traces of and are the same:
traces (P O Q) = traces (P) U traces (Q)
traces (P M Q) = traces (P) U traces (Q)

But the processes can behave differently if for example:

P =a—b—-STOP
Q = b—-a—- STOP

Traces define what a process may do, hot what it may
refuse to do
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Refusals

For a process P and a trace t of P:

> Anevent setes € P (3) is a refusal setif P can forever
refuse all events in es

» Refusals (P) is the set of P's refusal sets
> Convention: keep only maximal refusal sets
(if X isarefusal setandY C X, then VY is a refusal set)

This also leads to a notion of “failure":
> Failures (P, t) is Refusals (P / 1)

where P/t is|P_after t) :
traces P/ t) ={u | t + u € traces (P))

79



Comparing failures

Compare
»P = a—- STOP O b— STOP

» Q= a— STOP 1 b— STOP

Same traces, but:
» Refusals (P) = &

> Refusals (Q) = {{a}, {b}}
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Refusal sets (from labeled transition diagram)

> ={a,b,c}

{ch
a b

310 Q) ({b.cBO

v

a

{2} O

{{a, ¢}, {b, c}}

T

Ofa, i
b

O {3}

la—'STOP O b—>STOP| la—'STOPFIb*STOP'
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A more complete notion of refinement

Process Q failures-refines process P if both

traces (Q) C traces (P)
failures (Q) C failures (P)

Makes it possible to distinguish between O and I
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Divergence

A process diverges if it is not refusing all events but not
communicating with the environment

This happens if a process can engage in an infinite
sequence of t transitions

An example of diverging process:

(Wpa—p)\a

©
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The divergence model (Brookes, Roscoe)

CSP semantics is often expressed through a failures set
A failure is of the form
[s. X]

where s is a trace (sequence of events) and X a finite set
of events

A failure set must satisfy the following properties:
> [«>, J]EF
» [s+t,J]eF = [s,I]€F
> [s. X]eFA YCX = [s,Y]EF
> [s,X]€EFA[s+<c>, T]JEF = [s,XU{c}]EF
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Basic CSP syntax

P::

Q\E
nQ o f (Q)

-- Does not engage in any events

-- Engages in a, then acts like Q

-- Internal choice

-- External choice

-- Concurrency (E: subset of alphabet)

-- Lock-step concurrency (same as Q lEl R)
-- Hiding

-- Recursion



CSP laws in the divergence model (1/2)

PP =) P
PLQ =npn QLUIP
PHQUR) =n (POQLR
PO@NR) =n (POQN(PLIR)
Pr(QUOR) =n (PNQ)I(PMR)
PJSTOP = P
@ (PNQ) = (@— P)N(a— Q)
ia =+ P)Hae—Q) =npm (e—>P)lM{a— Q)
PMP =pm P
PR = QNP
PN{QNR)=pm (PNQ)NR
PllQ@ =mQ|P
PIHRIR) =m(P|Q)IIR
P@QNR) =u (P QNP R)
{a—-P)||(b - Q) =m STOP if a % b
=m (e—>(P||Q)) ifa=b
P {| STOP =, STOP

(From: Brooks & Roscoe 85)
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CSP laws (2/2)

PlllQ =m QP
(PR =M Pl|(QII|R)
Plll(@NR) =m (PlilQ)N(PII| R)
(a = P)|I|(6 = Q) =um (a = (Pl|(b— @)L — ((a — P)|||Q))
P;(@Q;R) =M (P; Q)R
STOP]”Q =M Q
SKIP; Q =pm @
STOP; Q =)y STOP
P;(@NR) =um (P;Q)N(P; R)
(PMQ;R =um (P;R)N(Q; R)
(¢ = P);Q =pm (a— P;Q) if a 52/

(P\a)\b = (P\B)\a
(P\a)\a =um P\a
(a = P)\b =u (a — P\b) if @ 54 b
=n P\b ifa =125
(PIQNe =u (P\a)(Q\a)
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Some extensions

Non-timed:
> The ¢ event (not in >): successful termination
> Skip : successfully terminates
> Sequential composition: P ; Q
> 1 : diverging process
Timed:
> P} Q: interrupt

> P §Q: Timeout
> a—P: communicate immediately

> WAIT t: same as STOP > SKIP
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Example (Ouaknine)

V1 = coin.in —
((coke — V1) O (fanta — V1)) B (coinout -V1)
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Some laws no longer hold

P|| STOP=STOPifPz L
1 || STOP= 1

a— (P\b) ifazb
P\a

(a—=P)\b
(a—=P)\a

90



©

CSP: Summary

A calculus based on mathematical laws

Provides a general model of computation based on
communication

Serves both as specification of concurrent systems and as
a guide to implementation

One of the most influential models for concurrency work
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