



































Formalism

and has a length that is a nonnegative
integer; thus, lengthis a function from
seq [X] to the set of natural numbers.
Elements are numbered starting at 1;
the i-th element of a sequence s (for
| =i=<length(s)) is written s(/). A
subsequence of s is a sequence made of
zero or more of the elements of s, in
the same order as in s; for example, if s
is the above sequence, then some of its
subsequences are

<a, b, c, d>
<D, 0>

On the other hand, <b, d, c> isnota
subsequence of s because the original
order of its elements in s is not pre-
served,

The set of subsequences of s will be
written SUBSEQUENCES (s).

The concept of sequences is well
known, and we rely on the reader’s
understanding here. A formal defini-
tion of sequences and of the above no-
tions is given in the box on the adjacent

page.

Minima and maxima. If X is a set,
and fis a function from X to the set of
natural numbers,

MIN_SET (X, )
denotes the subset of X consisting of
the elements for which the value of f
is minimum. For example, if X is the
following set, containing four se-
quences
X=|<acba>, <a b>,
<b a.b>, <c >

and f is the length function on se-
quences, then MIN_SET (X, f) will
be the set consisting of the shortest of
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these sequences, namely, the second
and last.

In the same fashion, we denote by
MAX_SET (X, f)

the subset of X consisting of the ele-
ments for which the value of fis max-
imum; thus, in the above case, MAX _
SET (X, f) istheset | <a, ¢, b, a> |,
containing just one sequence.

MAX_SET, however, is not always
defined; we have to be careful to apply
it only to sets X which are finite; other-
wise, there might be no maximum
value for f. Note that the results of
MIN_SET and MAX_SET are a
subset of X rather than a single ele-
ment, since there may be more than
one element with minimum or max-
imum f value. These subsets are non-
empty if and only if X is nonempty.

We will also need a way to denote
the minimum and maximum elements
of a set of natural numbers SN. They
will be written, in the usual fashion,
min (SN) and max (SN). Thus, if SN
is the set

SN = (341, 7, 3, 654]

then min (SN) is 3 and max (SN) is
654. Note that min and max, contrary
to MIN_SET and MAX_SET, yield a
natural number, not a set. Also in con-
strast to MIN_SET and MAX_SET,
which are defined for empty sets (they
yield an empty result), both min and
max are defined only if the set SN is
not empty; max further requires that
SN be finite. It is essential to check for
these conditions whenever using these
functions.

Input and output sets. In the prob-
lem at hand, the input is a sequence of
characters; we choose to describe the
output as a sequence of characters as
well, Thus, we define the two sets:

INPUT = seq [CHAR]
OUTPUT = seq [CHAR]

Note that, as mentioned above,
another interpretation could have
defined the set of possible outputs as
seq [LINE], with LINE itself being
defined as seq [CHAR] (or possibly
seq [WORD] with WORD = seq
[CHAR], plus information on leading
and trailing breaks).

We will now define the relations
short_breaks and limited_length and
the function FEWEST _LINES.

The formal specification

Short breaks. Let @ be a sequence
of characters. We define SINGLE_
BREAKS (a) as the set of subse-
quences of a such that no two con-
secutive characters are break charac-
ters:

SINGLE BREAKS (a) =
|s € SUBSEQUENCE (a) |
vi € 2..length (5),
s(i—1) € BREAK CHAR
= 5(i) ¢ BREAK CHAR)

Note that we use the Pascal notation,
a. .b, to denote the (possibly empty)
set of integers i such that a<i<b,

Next, we define COMPACTED (a)
as the subset of SINGLE _BREAKS (a)
containing those sequences of maxi-
mum length:

COMPACTED (a) = MAX_SET
(SINGLE_BREAKS (a), length)
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As stated above, MAX_SET (X, f)
may be be undefined if X is an infinite
set. This cannot occur here, however,
since SINGLE BREAKS (a) is a
subset of SUBSEQUENCES (a)
which, for any sequence of characters
a, is finite.

Note that any sequence b in COM-
PACTED (a) must have retained
from a all nonbreak characters (if such
a character had been omitted, it could
be inserted into b and yield a longer
clement of SINGLE BREAKS (a)),
and has a single break character where
a had one or more consecutive break
characters.

Thus, the relation short_breaks (a,
b), which holds between @ and bif and
only if @and b are made of the same se-
quences of words and breaks but the
breaks in b consist of a single break
character, can be expressed simply by

short_breaks (a, b) =
b € COMPACTED (a)

Limited length. The relation /lim-
ited_length (b, c¢) holds between se-
quences b and ¢ if and only if

* cis the same sequence as b, except

that it may have a new_line wher-
ever b has a blank, or conversely;
and

* the maximum line length of ¢,

defined as the maximum number
of consecutive characters none of
which is a new_line, is less than or
equal to MAXPOS.
- This is expressed more precisely as
follows:
limited_length (b, ¢) =
¢ € TRIMMED (b)

January 1985
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Formalism

where

TRIMMED (b) =
[s € EQUIVALENT (b) |
max_line_length (s) = MAXPOS |

EQUIVALENT (b) =
fs € seqCHAR] |
length (s) = length (b) and
(vié€l. . length (b),
s(i) # b(i) =
5(i/) € BREAK_CHAR and
b(i) € BREAK_CHAR) |

max_line_length (s) =
max (|j—il
O<i<j=<length (s) and
(Vkei+l. ./,
s(k) # new_line) |)

A few explanations may help in
understanding these definitions. If s is
a sequence of characters, max_line_
length (s) is the maximum length of a
line in s, expressed as the maximum
number of consecutive characters,
none of which is a new line. In other
words, it is the maximum value of j—1{
such that s(k) is not a new line for any
kin the interval i+ 1.. /. (We will have
more to say about this definition
below.) EQUIVALENT (b) is the set
of sequences that are ‘‘equivalent” to
sequence b in the sense of being iden-
tical to b, except that new_line charac-
ters may be substituted for blank
characters or vice versa. Finally,
TRIMMED (b) is the set of sequences
which are *‘equivalent” to b and have
a maximum line length less than or
equal to MAXPOS.

Fewest lines. Let SSC be a set of se-
quences of characters. These se-
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quences can be interpreted as con-
sisting of lines separated by new_/line
characters. We define the set FEW-
EST _LINES (SSC) as the subset of
SSC consisting of those sequences that
have as few lines as possible:

FEWEST _LINES (SSC) =
MIN_SET (SSC,
number_of _new_lines)

where the function number_of new._
lines is defined by:

number_of _new_lines (5s) =
card ([i € 1..length (5) |
s(i) = new_line|)

and card (X)), defined for any finite
set X, is the number of elements (car-
dinal) of X.

The basic relation. The above defi-
nitions allow us to define the basic re-
lation of the problem, relation goal,
precisely. Relation goal (i,0) holds be-
tween input / and output o, both of
which are sequences of characters, if
and only if

0 € FEWEST_LINES (TRANSF (i))

TRANSF (i) is the set of sequences
related to 7 by the composition of the
two relations short_breaks and lim-
ited_length:

TRANSF (i) = |s € seq [CHAR)] |

ir(is))

with

tr = limited_length e short_breaks

The dot operator denotes the composi-
tion of relations (see box). A look at

Figure 4 may help explain the role of
the various functions and relations in
the above specification.

Existence of solutions. Once we
have a formal specification, what can
we do with it? Relying on the specifica-
tion as a basis for the next stages of the
software life cycle—program design
and implementation (e.g., translating
vs into loops) is the most obvious use.
However, we'd like to emphasize two
others. One use, studied in the next
section, is as a starting point for better
natural-language requirements. The
other, to which we now turn, is query-
ing the specification to learn as much
as possible about properties of the
problem and valid solutions,

What can the given specification
teach us about the Naur-Goodenough
/Gerhart problem and its solution?
First, let’s determine when solutions
do exist. It is trivial to prove that, given
a sequence of characters @, there is
always at least one sequence b such
that relation short_breaks (a, D)
holds. Given b, however, the necessary
and sufficient condition for the ex-
istence of at least one sequence ¢ such
that limited_length (b, c) holds is that
b contains no word (i.e., contiguous
subsequence of non-break characters)
of length greater than MAXPOS. This
follows from the definitions of
TRIMMED and max_line_length used
in the definition of limited length.
Thus, the domain of definition of the
relation fr, which is also the domain of
the function TRANSF and thus of the
relation goal, is the set of input texts
containing no word longer than MAX-
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“The Compleat Figure of the Minuet,"

an engraving from George Bickhams's
An Easy Introduction to Dancing,

shows the basic spatial shapes

used in the minuet; 1738

From the library of Christena L. Schiundt,
University of California, Riverside

POS. This can be formulated as a
theorem:

dom (goal) =
{s € seq [CHAR] |
vi € 1..length(s) —MAXPOS,
3j€i .i+MAXPOS,
5(j) € BREAK_CHAR)|

The property expressed by this
theorem is that the domain of relation
goal consists of sequences such that, if
a character cis followed by MAXPOS
other characters, at least one character
among ¢ and the other characters must
be a break.

An important problem, not ad-
dressed here, is how the specification
deals with erroneous cases—that is,
with inputs not in the domain of the
goal relation—like sequences with
oversize words. Clearly, a robust and
complete specification should include
(along with goal) another relation, say,
exceptional_goal, whose domain is /V-
PUT—dom (goal) (set difference);
this relation would complement goal
by defining alternative results (usually
some kind of error message) for er-
roneous inputs. Formal specification
of erroneous cases falls beyond the
scope of this article, but a discussion of
the problem and precise definitions of
terms such as *‘error,”” **failure,”” and
“exception’’ can be found in a paper
by Cristian.*

Discussion. What we have obtained
is an abstract specification—this is, a
mathematical description of the prob-
lem. It would be difficult to criticize
this specification as being oriented
toward a particular implementation: if

January 1985

omposition of relations

Let rand ¢ be two relations; ris
from Xto Yand 7is from Y10 Z
(see figure). |

The composition of these two
relations, written fer (note the
order), is the relation w between
sets X and Z such that w (x, 2)
holds if and only if there is (at
least) one element yin ¥ such that
both 7 (x, y) and ¢ (x, ¥) hold.

Thus, in the example illus-
trated, w holds for the pairs <.,
7>, <x, 2>, and <xg, ;>
(and for these pairs only).

W=lar
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followed to the letter, the specification
would lead to a program that (as illus-
trated in Figure 4) would first generate
all possible distributions of the input
over lines of length less than or equal
to MAXPOS and then search the re-
sulting list for solutions with minimum
number of new_line characters—nol a
very efficient implementation!

An element that does seem to point
toward a particular implementation
technique is the composition of rela-
tions short_breaks and limited _length,
which seems to imply a two-step pro-
cess (first remove break characters,
then cut into lines). A first design
could indeed use a two-step solution.
The steps could then be merged using
coroutine-like concepts, such as the
Unix notion of pipe or the “‘program
inversion' idea of Jackson's program
design method.

We chose to model the problem’s

object and operations with very simple.

mathematical notions (sets, relations,
functions, sequences). Because of the
specific nature of this problem, an-
other approach would have been to re-
ly on a more advanced theory, such as
the theory of regular languages. As
emphasized below, a realistic specifi-
cation system should permit reuse of
existing theories. ®

Starting from the above definition,
the specification should of course be
refined, taking into account the physi-
cal form of the data structure (in-
cluding, for example, the end-of-file
marker) and the particular response
that should be given by the program in
case of erroneous input.
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Conclusion

Although natural language is the
ideal notation for most aspects of
human communication, from love let-
ters to introductory programming lan-
guage manuals, there are cases” where
it is not appropriate. Software specifi-
cations, for example, require more rig-
orous formalism.

The use of formal notation does
not, however, preclude that of natural
language. In fact, mathematical speci-
fication of a problem usually leads to a
better natural-language description.
This is because formal notations
naturally lead the specifier to raise
some questions that might have re-
mained unasked, and thus unan-
swered, in an informal approach.

Mathematical definition. Formal
specifications help expose ambiguities
and contradictions because they force
the specifier to describe features of the
problem precisely and rigorously. The
problem studied in this article contains
many examples of this, For example,
let us try to redefine the function
max_line_length using the definition
of “line’”’ taken from Goodenough
and Gerhart’s specification (line 24:
“*between successive NL characters™).
Writing this definition mathematical-
ly, we obtain someshing like

max_line_length (5) =
max ({line_length (s, i) |
| <i<length (s) and
s(i) = new _line))

where line_length (s, i), the length of
the line beginning after the new_[ine at

position / in sequence s, may be de-
fined as a minimum:

line_length (s, i) =
min({k|
O<k<length (s—i) and
s(i+k+1) = new_line])

However, as mentioned above, the
maximum or minimum of a set of
natural numbers is defined if and only
if this set is nonempty and, in the maxi-
mum case, finite; so using mathemati-
cal notation prompts us to check for
these conditions. Finiteness presents
no problem, but we see immediately
that the set whose maximum is sought
in the definition of max_fline_length
will be empty if the sequence s does not
contain any new_line character. Even
if it contains one, line_length (s, i),
itself a minimum, will not be defined if
there is no other new_line further in
the sequence. This prompts us to look
for a better definition.

A fairly natural reaction at this
point is to see that we really don’t need
to define the concept of “‘line,”” only
that of maximum line length. Once we
have noticed this, it's easy to come up
with a correct definition: the max-
imum number of consecutive char-
acters, none of which is a new line.
This is the definition that was given
above:

max_line_length (s) =

max ([j—1i|
O<i<j< length(s) and
(Vkei+l.
s(k) # new_line) |)

Note that we have been careful to
apply max to a set that always contains
at least one value (zero, obtained for
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i =j = 0),evenif sis an empty se-
quence (see box).

Natural language definition. Once
such a mathematical definition has
been produced, it may in return in-
fluence the natural language defini-
tion. In this example, the formal
definition suggests that we should
refrain from trying to define the con-
cept of “‘a line in the text”” which,
although intuitively clear, is slightly
tricky when one attempts to specify it
precisely, as Goodenough and Ger-
hart’s text shows. Instead, we should
focus on the notion of ““maximum line
length,"” which is always defined, even
for a text consisting of new_line
characters only. Once we have ob-
tained the specification of max_line_
length, we can build on it and include it
in the English problem definition a
sentence such as

The maximum number of consecutive
characters, none of which is a new_line,
should not exceed MAXPOS.

This sentence, a direct translation
from the formal definition, is not, ad-
mittedly, of the most gracious sytle;
but it is easy to remove the double
negation, yielding
Any consecutive MAXPOS + | charac-
ters should include a new_line.

The main advantage of natural
language texts is their understandabili-
ty. One should concentrate on this
asset rather than trying to use natural
language for precision and rigor,
qualities for which it is hopelessly in-
adequate, Understandability is seri-
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ously hindered when natural language
requirements become ridiculously long
in a vain attempt to chase away silence,
ambiguity, contradiction, etc. Such at-
tempts, as shown by the text studied
here, only make matters worse. The
length of many requirements docu-
ments found in actual industrial prac-
tice, often extending over hundreds or
even thousands of pages, is due to such
misuse of natural language. Natural
language descriptions should remain
reasonably short; the exact description
of fine points, special cases, precise
details, etc., should be left to a formal
specification.

The advantages of brevity cannot be
overemphasized. It could even be ar-
gued that Naur's specification, once
the problems of termination and con-
secutive break characters are tackled
properly, is preferable to Goodenough
and Gerhart’s because it is shorter and
doesn’t fuss unnecessarily.

New specification. It would be fair
game for the reader at this point to ask
what natural-language specification
we have to offer in lieu of both Naur’s
and Goodenough and Gerhart’s texts.
To answer such as request, we'd try to
capitalize on the lessons gained from
writing the mathematical definition.
We'd propose something like the text
in Figure 5, which is directly deduced
from that definition (see in particular
its relation to Figure 4).

No doubt this text deserves some
criticism of its own. In particular, it
still needs to be refined. For example,
the implementor must know how to
“‘report the error’’ before embarking
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upon detailed design and coding; he
must know what the allowable charac-
ters are apart from blank and new_
line, etc. Also note that this text avoids
defining specific concepts (e.g., line
length, word) explicitly; rather, it
substitutes the definition for the con-
cept when needed. Although this de-
vice can lead to interesting literary ex-
periments,® it is certainly not recom-
mended for large requirements docu-
ments where one must repeatedly refer
to the same basic concepts.

It seems to us, however, that the
above statement of the requirements
embodies the essential elements of the
problem and achieves a reasonable
tradeoff between the imprecision of
Naur’s and the verbosity of Good-
enough and Gerhart’s specifications,
(Tts length is in fact slightly more than
double the former’s and half the
latter’s.) Its most important feature is
that it draws heavily from the lessons
gained in writing the formal specifica-
tion, while retaining (we hope) clarity
and simplicity.

End-users. An objection that is
often voiced against formal specifica-
tions relates to the needs of end-users,
who request easily understandable
documents. Such an objection, we
think, is based on an incorrect assess-
ment of what specification is about.
There is a need for requirements docu-
ments that must be read, checked, and
discussed by noncomputer scientists,
but there is also a need for technical
documents used by computer profes-
sionals. The difference is the same as
that between user requirements and

engineering specifications in other
engineering disciplines. Of course,
there must be a way to communicate
back the contents of technical specifi-
cations (for example, in the case of
changes). As we have seen, the exist-
ence of a good mathematical specifica-
tion is a great asset for improving a
natural-language description.

Other ways can be found for
translating formal elements into forms
that are more easily understood. Many
people like graphical descriptions,
which play a basic role in such (non-
formal) specification methods as
SADT? or SREM. 1? A picture may be
worth a thousand words at times, but
it can also be dangerously misleading.
On the other hand, a pictorial explana-
tion of a well-defined concept certainly
does no harm. If the picture

A B
S

is considered more understandable
than the function definition

fA—B

then why not have graphics tools
generate the picture from the formula
for the benefit of those who want it?
There is certainly a great need for soft-
ware tools of this kind in specification
systems.

Techniques. The last point we want
to emphasize is that formal specifica-
tion is not necessarily difficult. The
reader who is familiar with specifica-
tion techniques will have noted that the
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Minuet at dress ball given by Louis XV,
February 24, 1745, in the armory of the

Royal Stables at Versailles; from an engraving
by C-N Cochin, **L'ancienne France,'' in book
by the Duke of La Valliere, Louis César de |a
Baume-le Blanc (1708-1780), Ballets, Opera,
and Other Musical Works, Ch. J. Baptiste
Bauche, Paris, 1760.

From the library of Christena L. Schiundt,
University of California, Riverside
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example did not rely (at least explicitly)
on such notions as abstract data types,
finite-state machines, and attribute
grammars. In fact, it used only very
simple notions from elementary set
theory and logic. These notions are no
more difficult than the basic core of
college calculus, even if most of today’s
university students are regrettably less
at ease dealing with such concepts as
sets, relations, partial functions, com-
position, and predicate calculus than
with other mathematical objects and
operations that are better established
in the traditional curriculum,

Of course, the example studied here
isasmall problem. Experience with the
Z language'''12 and subsequent work
prompted by this experience!'*!5 shows,
however, that the same basic concepts
can be carried through to the descrip-
tion of much more complex systems.
The main limitation of the problem
studied here is that it is defined by a
simple input-to-output relation, where-
as most significant programs can be
characterized, in our view, as systems
that offer various services in response
to possible user requests, We are cur-
rently working on methods, notations,
and tools for the modular specification
of such systems.!6

Reuse. An essential requirement of
a good specification formalism is that
it should favor reuse of previously
written elements of specifications. For
example, the notion of sequence and
the associated operations should be
available as predefined specification
elements. Languages Z and Affirm,
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ing conditions:

Given are a nonnegative integer MAXPOS and a character set in-
cluding two “break characters” blank and new__line.

The program shall accept as input a finite sequence of characters
and produce as output a sequence of characters satisfying the follow-

* it only differs from the input by having a single break character
wherever the input has one or more break characters;

* any MAXPOS + 1 consecutive characters include a new__line;
* the number of new__line characters is minimal.

If (any only if) an input sequence contains a group of MAXPOS + 1
consecutive nonbreak characters, there exists no such output. In this
case, the program shall produce the output associated with the initial
part of the sequence, up to and including the MAXPOS-th character of
the first such group, and report the error.

Figure 5. Yet another statement of the requirements.

among others, provide for such li-
braries of basic specifications, More
work is needed to share and reuse the
work of formal specifiers. Along with
the availability of simple and efficient

software tools, this is one of the condi-
tions that must be met before formal
specifications become for software en-
gineers what, say, differential equa-
tions are for engineers in other fields. O
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